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Abstract: In this paper we introduce new graph labeling called k-difference cordial la- 
beling. Let G be a (p,q) graph and k be an integer, 2 < k < |V(G)|. Let f : V(G) - 
{1,2,---,k} be a map. For each edge uv, assign the label |f(u) — f(v)|. f is called a k- 
difference cordial labeling of G if |vs(¢) — ve(j)| < 1 and |es¢(0) — ef(1)| < 1 where v(x) 
denote the number of vertices labelled with x, ef(1) and es (0) respectively denote the num- 
ber of edges labelled with 1 and not labelled with 1. A graph with a k-difference cordial 
labeling is called a k-difference cordial graph. In this paper we investigate k-difference cor- 
dial labeling behavior of star, m copies of star and we prove that every graph is a subgraph 
of a connected k-difference cordial graph. Also we investigate 3-difference cordial labeling 


behavior of some graphs. 
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§1. Introduction 


All graphs in this paper are finite and simple. The graph labeling is applied in several areas 
of sciences and few of them are coding theory, astronomy, circuit design etc. For more details 
refer Gallian [2]. Let G1, G2 respectively be (pi, q1), (p2,q2) graphs. The corona of G; with 
G2, Gi © Go is the graph obtained by taking one copy of G; and p; copies of G2 and joining 


* copy of Gz. The subdivision 


the i*” vertex of G, with an edge to every vertex in the i 
graph S'(G) of a graph G is obtained by replacing each edge uv by a path wwv. The union 
of two graphs G; and G» is the graph G; U G2 with V(G; UG2) = V (Gi) UV (G2) and 
E(G,UG2) = E(G,)U E (G2). In [1], Cahit introduced the concept of cordial labeling of 
graphs. Recently Ponraj et al. [4], introduced difference cordial labeling of graphs. In this 
way we introduce k-difference cordial labeling of graphs. Also in this paper we investigate the 
k-difference cordial labeling behavior of star, m copies of star etc. |x| denote the smallest 


integer less than or equal to x. Terms and results not here follows from Harary [3]. 
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§2. k-Difference Cordial Labeling 


Definition 2.1 Let G be a (p,q) graph and k be an integer 2<k <|V(G)|. Let f : V(G) > 
{1,2,---,k} be a function. For each edge uv, assign the label |f(u)— f(v)|. f is called a 
k-difference cordial labeling of G if |vp(i) — v¢(7)| < 1 and |es(0) — ef(1)| < 1, and Smaran- 
dachely k-difference cordial labeling if |v¢(¢) — v¢(g)| > 1 or le¢(0) — ef(1)| > 1, where v¢(x) 
denote the number of vertices labelled with x, ef(1) and es(0) respectively denote the number 
of edges labelled with 1 and not labelled with 1. A graph with a k-difference cordial labeling 
or Smarandachely k-difference cordial labeling is called a k-difference cordial graph or Smaran- 


dachely k-difference cordial graph, respectively. 


Remark 2.2 (1) p-difference cordial labeling is simply a difference cordial labeling; 
(2) 2-difference cordial labeling is a cordial labeling. 


Theorem 2.3 Every graph is a subgraph of a connected k-difference cordial graph. 


Proof Let G be (p,q) graph. Take k copies of graph K,. Let G; be the i*” copy of Kp. 
Take k copies of the Ks) and the i‘” copies of the Ke) is denoted by G’. Let V(G;) = {ul : 
1<j<kl<i< yp}. Let V(G) = {uv} :1< 9 <k,1 <i <p}. The vertex and edge set of 
super graph G* of G is as follows: 


Let V(G*) = U V(Gi)U U V (GY) U fy; 21 <i < K}U fu}. 


E(G*) = UEG )Uf{ulv : 1<i< (@),1< 9 < k-1}Uf{ubw, wok 21 <i < (§)}U{usu, : 


eyepue es 1<j<k—-1}U {wiwy}. 


Assign the label 7 to the vertices of Gj, 1 < i < k. Then assign the label i +1 to the 
vertices of Gi, 1 <i<k—1. Assign the label 1 to the vertices of Gj,. Then assign 2 to the 
vertex w. Finally assign the label i to the vertex w;, 1 < i < k. Clearly v¢(i) = p + (8) +1, 
i=1,3,...,k, vs(2) =p+ (8) +2 and e¢(1) = (8) +k, e¢(0) = k(2) +k +1. Therefore G* is 
a k-difference cordial graph. 


Theorem 2.4 [fk is even, then k-copies of star K1,) 1s k-difference cordial. 


Proof Let Gi be the i” copy of the star Ky). Let V(Gi) = {uj,0) :1 <j <k,1<iK<p} 
and E(G;) = {ujv) :1 <j <k,1<i <p}. Assign the label i to the vertex uj, 1 <j <k. 
Assign the label 7 + 1 to the pendent vertices of G;, 1 <i < g Assign the label k —i+ 1 
to the pendent vertices of Geri, L<i< s —1. Finally assign the label 1 to all the pendent 


k 
vertices of the star Gy. Clearly, v¢(¢) =p+1,1<i<k, ef(0) =e,(1) = > Therefore f is a 
k-difference cordial labeling of k-copies of the star Kp. 


Theorem 2.5 Ifn=0 (mod k) and k > 6, then the star K1,, is not k-difference cordial. 


Proof Let n = kt. Suppose f is a k-difference cordial labeling of Ky,,. Without loss 
of generality, we assume that the label of central vertex is r, 1 <r < k. Clearly vy(i) = t, 
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1l<i<nandiF¥r, ve(r) =t+1. Then e,(1) < 2t and e;(0) > (k — 2)t. Now ef(0) > 
(k — 2)t — 2t > (k — 4)t > 2, which is a contradiction. Thus f is not a k-difference cordial. 


Next we investigate 3-difference cordial behavior of some graph. 


§3. 3-Difference Cordial Graphs 
First we investigate the path. 


Theorem 3.1 Any path is 3-difference cordial. 


Proof Let uyu2...Un be the path P,. The proof is divided into cases following. 


Case 1. n=0 (mod 6). 

Let n = 6t. Assign the label 1, 3, 2, 1, 3, 2 to the first consecutive 6 vertices of the path 
P,,. Then assign the label 2, 3, 1, 2, 3, 1 to the next 6 consecutive vertices. Then assign the 
label 1, 3, 2, 1, 3, 2 to the next six vertices and assign the label 2, 3, 1, 2, 3, 1 to the next six 
vertices. Then continue this process until we reach the vertex un. 


Case 2. n=1 (mod 6). 

This implies n — 1 = 0 (mod 6). Assign the label to the vertices of u;, 1<i<n—1asin 
case 1. If un_1 receive the label 2, then assign the label 2 to the vertex un; if un—1 receive the 
label 1, then assign the label 1 to the vertex uy. 

Case 3. n=2 (mod 6). 

Therefore n—1= 1 (mod 6). As in case 2, assign the label to the vertices uj, 1 <i <n-1. 
Next assign the label 3 to un. 

Case 4. n=3 (mod 6). 

This forces n — 1 = 2 (mod 6). Assign the label to the vertices u1, w2, ...Un—1 as in case 
3. Assign the label 1 or 2 to u, according as the vertex un—2 receive the label 2 or 1. 

Case 5. n=4 (mod 6). 


This implies n — 1 = 3 (mod 6). As in case 4, assign the label to the vertices ui, wa, ---, 
Un—1- Assign the label 2 or 1 to the vertex u, according as the vertex u,_1 receive the label 1 
to 2. 


Case 6. n=5 (mod 6). 


This implies n — 1 = 4 (mod 6). Assign the label to the vertices ui, ue, +++, Un—1 as in 


Case 5. Next assign the label 3 to un. 


Example 3.2 A 3-difference cordial labeling of the path Po is given in Figure 1. 


1 3 2 1 3 2 2 3 1 


Figure 1 
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Corollary 3.3 Ifn=0,3 (mod 4), then the cycle C), is 3-difference cordial. 


Proof The vertex labeling of the path given in Theorem 3.1 is also a 3-difference cordial 


labeling of the cycle C,. 


Theorem 3.4 The star K,,, is 3-difference cordial iff n € {1, 2,3, 4,5, 6,7, 9}. 


Proof Let V(Kin) = {u,uj:1<i< n} and E(k, »,) = {uu :1<i<n}. Our proof is 


divided into cases following. 
Case 1. ne {1,2,3,4,5,6,7,9}. 


Assign the label 1 to u. The label of u,; is given in Table 1. 


Table 1 


Case 2. n¢ {1,2,3,4,5,6,7,9}. 

Let f(u) = a where x € {1,2,3}. To get the edge label 1, the pendent vertices receive the 
label either  — 1 or +1. 

Subcase 1. n= 3¢. 


Subcase la. x=1lorzr=3. 


When z = 1, ef(1) =t or t +1 according as the pendent vertices receives t’s 2 or (t+1)’s 
2. Therefore e¢(0) = 2t or 2-1. Thus e,(0) — ef(1) = t—2 > 1, t > 4 a contradiction. 
When x = 3, ef(1) = t or t+ 1 according as the pendent vertices receives t’s 2 or (t+1)’s 2. 
Therefore e,(0) = 2t or 2¢—1. Thus e7(0) —es(1) =t or t— 2. Therefore, ef (0) —ey(1) > 1, a 


contradiction. 
Subcase 1b. «x =2. 


In this case, ef(1) = 2¢ or 2t+1 according as pendent vertices receives t’s 2 or (t-2)’s 2. 
Therefore e¢(0) =t or t—1. e¢(1) —e¢(0) =t ort + 2 ast > 3. Therefore, e,(0) — e¢(1) > 1, 


a contradiction. 


Subcase 2. n=3t+1. 
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Subcase 2a. x=10r3. 


Then e/(1) = t or t+1 according as pendent vertices receives t’s 2 or (t+1)’s 2. Therefore 
ef(0) = 2t+1 or 2t. ef(0) —ef(1) =t+1 ort—last> 3. Therefore, e(0) —e,(1) > 3, a 
contradiction. 


Subcase 2b. x =2. 

In this case e¢(1) = 2t or 2t + 1 according as pendent vertices receives t’s 1 and t’s 3 and 
t’s 1 and (t+3)’s 3. Therefore e (0) =t+1 ort. ef(1)—e,(0) =t—lortast > 3. Therefore, 
er (0) — ef(1) > 1, a contradiction. 
Subcase 3. n= 3t+2. 

Subcase 3a. x= 1 or 3. 

This implies es(1) = t+ 1 and ef(0) = 2t+1. e¢(0) —ef(1) = t ast > 3. Therefore, 
e (0) — ef(1) > 1, a contradiction. 

Subcase 3b. x = 2. 


This implies e,(1) = 2¢+ 2 and ef(0) = t. ef(1) —es(0) =t+2 ast > 1. Therefore, 
er(1) — ef (0) > 1, a contradiction. Thus Kj,, is 3-difference cordial iff n € {1,2,3,4,5,6, 7, 9}. 


Next, we research the complete graph. 


Theorem 3.5 The complete graph Ky, is 3-difference cordial if and only ifn € {1, 2,3, 4,6, 7,9, 10}. 


Proof Let u;,1<%7< n be the vertices of K,. The 3-difference cordial labeling of Ky, 
n € {1,2,3,4,6,7,9, 10} is given in Table 2. 


Table 2 


Assume n ¢ {1,2,3,4,6,7,9,10}. Suppose f is a 3-difference cordial labeling of Ky. 


Case 1. n=0 (mod 3). 


Let n = 3t, t > 3. Then v¢(0) = v¢(1) = v¢(2) = t. This implies e¢(0) = (5) + (5) + (3) + 
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i= best Therefore e¢(1) = t? + t? = 2t?. ef(0) — ef(1) = etl —2t?7>1last>3,a 
contradiction. 
Case 2. n=1 (mod 3). 
Let n= 3t+1,t>3. 
Subcase 1. v;(1)=t+1. 
Therefore vf(2) = vf(3) =t. This forces e/(0 


ef(1) = t(t +1) +t? = 2t7+¢t. Then e;(0) — i ) 
contradiction. 


)+()+G)4 = 3(50? +1). 


(5t? + t) — ee = oe a 


(F 
ae 
2 


Subcase 2. v/(3) =t+1. 
Similar to Subcase 1. 


Subcase 3. v/(2) =t+1. 


Therefore vr(1) = v¢(3) =t. In this case ef(0) = pit and es(1) =t(t+1)4+t(@4+1) = 
2t? + 2t. This implies ef(0) — ef(1) = sett — (2t? + 2t) > 1 as t > 3, a contradiction. 


Case 3. n=2 (mod 3). 
Let n = 3t+2,¢>1. 


Subcase 1. vy,(1) =t. 


Therefore v¢(2) = v¢(3) = t+ 1. This gives e¢(0) = (5) 4 (34) (a>) -t(t+1)= Set 
and e¢(1) = t(t+1)4+(t+1)? = 2t?+3t+1. This implies e¢(0)—e(1) = be 43 (942.4 3-4-1) Sl, 
as t > 1, a contradiction. 


Subcase 2. v/(3) =t. 
Similar to Subcase 1. 
Subcase 3. vu/(2) =t. 


Therefore vf(1) = v¢(3) =t+1. In this case ef(0) = (*S') + (3) + 4) + 4+ D(t4+) = 
5 +5t+2 and (1) = t(t + 1) + t(t + 1) = 2¢2 + 2t. This implies e¢(0) — ef(1) = 545442 — 


(2t? + 2t) > 1 as t > 1, a contradiction. 


Theorem 3.6 If m is even, the complete bipartite graph Kin (m <n) is 3-difference cordial. 


Proof ‘Let VG) = tite TLS il <7 Se nh and LOG.) = {ea css 
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m,1<j <n}. Define a map f: V(Kim.n) > {1, 2,3} by 


fi) =1, 1<i< 
flum+i) =2, 1<i<F 
fe) $3; 1<i< (== 
f(upman] 4) =1, 1<i<[=*|)-#-1 if m+n=1,2 (mod 3) 
1<i<[™|-2 if m+n=0 (mod 3) 
F (Uap mgny_m_14i) =2, l<i<n—-2{#*®)+341 if m+n=1,2 (mod 3) 
F(Ug7 many m 4) =12) l<i<n-2/4] aS if m+n=0 (mod 3) 
Since e¢(0) = er(1) = 44, f is a 3-difference cordial labeling of Km n. 


Example 3.7 A 3-difference cordial labeling of Ks, is given in Figure 2. 


KZ 


Figure 2 


Next, we research some corona of graphs. 


Theorem 3.8 The comb P, © Ky is 3-difference cordial. 


Proof Let P, be the path ujug...un. Let V(P, © Ki) = V(P,)U {ui : 1 <i <n} and 
E(P, © Ky) = E(P,) VU {uu 1 <i <n}. 


Case 1. n=0 (mod 6). 
Define a map f : V(G) — {1, 2,3} by 


f (uei-s) = f (ues) = 1, 1 < 4 < 2 
f (uei—a) = f (wei-1) = 3, 1 < i < a 
f (wei—3) = f (uei—2) = 2, 1<i< a 


In this case, ef(0) =n —1 and ef(1) =n. 
Case 2. n=1 (mod 6). 


Assign the label to the vertices u;, vj (1 < i <n-—1) as in case 1. Then assign the labels 
1, 2 to the vertices un, Un respectively. In this case, ef(0) =n—1, ef(1) =n. 
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Case 3. n=2 (mod 6). 


As in Case 2, assign the label to the vertices u;, v; (1 <i <m-—1). Then assign the labels 


LS 
3, 3 to the vertices un, Un respectively. In this case, e,(0) =n, e¢(1) =n—1. 
Case 4. n=3 (mod 6). 


Assign the label to the vertices u;, vj (1 < i <n-—1) as in case 3. Then assign the labels 
2, 1 to the vertices un, Un respectively. In this case, e,(0) =n —1, ef(1) =n. 


Case 5. n=4 (mod 6). 


As in Case 4, assign the label to the vertices u;, vu; (1 <i <m-—1). Then assign the labels 
2, 3 to the vertices un, Un respectively. In this case, e,(0) =n —1, ef(1) =n. 


Case 6. n=5 (mod 6). 


Assign the label to the vertices u;, vj (1 <7 <n—1) as in case 5. Then assign the labels 3, 
1 to the vertices un, Un respectively. In this case, ef(0) =n—1, ef(1) =n. Therefore P,, © Ky 


is 3-difference cordial. 


Theorem 3.9 P,, © 2k, is 3-difference cordial. 


Proof Let P, be the path uyug-++un. Let V(P, © 2K1) = V(P,)U {u;,, wi 2 1 <i < nh} 
and E(P, © 2K1) = E(P,) U {uu ww; 21 <a < nh. 
Case 1. nis even. 


Define a map f : V(P, © 2K,) > {1, 2,3} as follows: 


f(ua-1) = 1, 1<i<§ 
f (u2i) 2. Lees 
fen) = 1, 1si<4% 
f(va) = 2, 1<i<# 
f(wi) = 3, 1<i<§ 


In this case, v¢ (1) = v¢(2) = ve (3) = 1, ef (0) = 3a and e,(1) = Sn = 


Case 2. n is odd. 


Define a map f : V(P, © 2K1) — {1,2,3} by f(u1) = 1, f(u2) = 2, f(us) = 3, f(v1) = 
f(v3) =1, f(wi) = f(w2) = 3, f(ve) = f(ws) = 2, 


{@sige)> =" 2; Lets = 
f(uai+s) 1, 1<i< 38 
Ff (v2i+2) De eae os 
f (v2i+3) 1, l<i< 44 
f(wi4s) = 3, 1l<i<n-3 
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Clearly, vg(1) = v¢(2) = v¢(3) =n, ef (0) = ef(1) = +. 


Next we research on quadrilateral snakes. 


Theorem 3.10 The quadrilateral snakes Q,, 1s 3-difference cordial. 


Proof Let P, be the path ujug---uUn. Let V(Qn) = V(Pn)U {u,,wi : 1 <i < n-th 
and E(Qn) = E(Pr) U {uivi, iwi, Wiig 2 1 <i <n-—1}. Note that |V(Q,)| = 3n — 2 and 
|E(Q,)| = 4n—4. Assign the label 1 to the path vertices u;, 1 <4<n. Then assign the labels 
2, 3 to the vertices v;, w; 1 <i <n—1 respectively. Since vy(1) =n, v»(2) = ve (3) =n —-1, 


er(0) = ef(1) = 2n — 2, f is a 3-difference cordial labeling. 


The next investigation is about graphs Brn, S(Kin), S(Bnin)- 
Theorem 3.11 The bistar By», 1s 3-difference cordial. 

Proof Let V(Bnn) = {u,v,Ui,0i 2 1<i< n} and E(Bnn) = {uv, uu, vu; : 1 <i <n}. 
Clearly By» has 2n + 2 vertices and 2n + 1 edges. 
Case 1. n=0 (mod 3). 


Assign the label 1, 2 to the vertices u and v respectively. Then assign the label 1 to the 
vertices uj, vi (1 <i < $). Assign the label 2 to the vertices UB4qi, URI (1 <i< #). Finally 
assign the label 3 to the vertices w2n 4;, V2n 4; (1 <i < $). In this case es(1) =n +1 and 
e ¢ (0) =n. 


Case 2. n=1 (mod 3). 


Assign the labels to the vertices u, v, u;, vi (1 < i <m-— 1) as in Case 1. Then assign the 
label 3, 2 to the vertices un, Un respectively. In this case e¢(1) =n and e¢(0) =n+1. 


Case 3. n= 2 (mod 3). 


As in Case 2, assign the label to the vertices u, v, wi, vu; (1 <i <n-—1). Finally assign 1, 
3 to the vertices un, Un respectively. In this case ef(1) =n and e7(0) =n+ 1. Hence the star 


By» is 3-difference cordial. 


Theorem 3.12 The graph S(K1,,) is 3-difference cordial. 


Proof Let V(S(Kin)) = {u, u,v: 1<i<n} and E(S(Ky,)) = {uu, wv: 1 <i <n}. 
Clearly S(K1,,) has 2n + 1 vertices and 2n edges. 
Case 1. n=0 (mod 3). 


Define a map f : V(S(Ki,,)) > {1, 2,3} as follows: f(u) = 2, 


flu) = 1, 1<i<t 
Hig Or DSF 

f(vi) = 3, 1<i< 2 
flvazi) = 1, 1<i<t 
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Case 2. n=1 (mod 3). 


As in Case 1, assign the label to the vertices u, u;, vu; (1 <7 <mn-—1). Then assign the 
label 1, 3 to the vertices un, Un respectively. 


Case 38. n=2 (mod 3). 


As in Case 2, assign the label to the vertices u, u;, vu; (1 <7 <mn-—1). Then assign the 


label 2, 1 to the vertices un, Un respectively. f is a 3-difference cordial labeling follows from 
the following Table 3. 


m0 
+ t4 


5 Uf ef 


Table 3 


Theorem 3.13 S(Bn ») is 3-difference cordial. 


Proof Let V(S(Bnin)) = {u, W, v, Ui, Wi, Ui, Zi 2 LS i <n} and E(S(Brn)) = (uw, wy, UUs, UiWi, VVi, Vi Z : 
1<i<n}. Clearly S(By,,) has 4n +8 vertices and 4n + 2 edges. 


Case 1. n=0 (mod 3). 


Define a map f : V(S(Br.n)) > {1,2,3} by f(u) = 1, f(w) = 3, f(v) = 2, 


f(wi) = 2, 1<i<n 
f(vi) = 1, 1<i<n 
fl@) = 3, l<i<n 
fiom 1,. Laces 
fluayi) = 2, 1<i<3 
f(ua4;) = 3, 1<i< Ff. 


Case 2. n=1 (mod 3). 


As in Case 1, assign the label to the vertices u, w, v, Wi, Vi, Wi, 2 (1 <i <n—1). Then 


assign the label 1, 2, 1, 3 to the vertices Un, Wn, Un; Zn respectively. 
Case 3. n=2 (mod 3). 


As in Case 2, assign the label to the vertices u, w, v, Wi, Vi, Wi, 2 (1 <i <n-—1). Then 
assign the label 2, 2, 1, 3 to the vertices un, Wn, Un, Zn respectively. f is a 3-difference cordial 
labeling follows from the following Table 4. 
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Table 4 


Finally we investigate cycles Ce 


Theorem 3.14 cy! is 3-difference cordial. 


Proof Let u be the vertices of C{ and i*” cycle of CL? be uuiuiuiu. Define a map f from 
the vertex set of C{” to the set {1,2,3} by f(u) =1, f(ui) =3,1<i<t, f(ui) =1,1<i<t, 
f(u§) =2,1<i<t. Clearly v¢(1) =t+1, v¢(2) = v¢(3) =t and e¢(0) = ef (1) = 2¢. Hence f 
is 3-difference cordial. 
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